A novel high-speed fiber-optic spectrometer has been demonstrated in our previous work. The high-speed spectrum measurement is enabled by translating the spectral-domain signal into a time-domain signal through a dispersion element. We present a mathematical model that accurately describes the relationship between the optical spectrum to be measured and the dispersed time-domain signal. Based on the model, the effects of the key parameters on the performance of the spectrometer are investigated in detail using numerical simulation. The analysis is useful for the design and application of such spectrometers.
Introduction
An optical spectrometer is an instrument that measures the spectral density of light over a certain part of the electromagnetic spectrum. Optical spectrometers have been widely used for the signal demodulation of interferometric and grating-based fiber-optic sensors. In these systems, the signals are the spectra of a broadband light from the sensor that are recorded by a spectrometer [1] [2] [3] . For interferometric sensors, the absolute value of the optical path difference between the two arms or the cavity length of the interferometer can be determined by the spectral positions of the peaks and valleys in the sensor interference fringes [1] or through a certain fitting algorithm [4] so that the corresponding measurands are demodulated. In contrast to fringe counting or quadrature phase detection, these methods offer absolute measurement yet with high resolution and accuracy. For fiber grating sensors, the reflection wavelength usually gives a direct indication of the measurand. Generally, owing to their small sizes, the sensor elements of many fiber-optic sensors have an intrinsically high-speed response, but their signal demodulation often limits the system speed due to the low-speed spectrum measurement.
There are several spectrum measurement techniques. The most popular one is using a dispersive device, e.g., a prism or a diffraction grating, to spatially spread the light by its wavelength. Then at the exit of the spectrometer, a single detector or a detector array is utilized to record the dispersed light to realize spectrum measurement. Some spectrometers also tune a narrow bandpass filter to scan the spectrum, whereas Fourier transform spectrometers acquire the interferogram generated by an interferometer and perform the Fourier transform of the interferogram so that the spectral density of the incoming light can be recovered.
We have experimentally demonstrated a highspeed fiber-optic spectrometer (HSFOS) recently for fiber-optic sensors [5] . In this paper, we develop a mathematical model for detailed analysis of such a spectrometer. The analysis is useful for the design and application of such spectrometer. The remainder of the paper is organized as follows. In Section 2, a mathematical model that describes the relationship between the spectrum and the time-domain signal is presented. Based on the model, performance of the spectrometer, including the accuracy, the spectral resolution, and the measurement speed are analyzed, respectively, in Section 3. Finally some conclusions are given in Section 4.
Mathematical Model
The operational principle of the HSFOS is illustrated in Fig. 1 . The incoming light signal transmitted to the HSFOS is first modulated by a series of narrow pulses with fixed pulse width and repetition rate from the pulse generator through the modulator to form the time-domain samples of the light signal, each of which will finally form one frame of the spectrum. These samples go through a span of dispersive fiber so that the time-domain dispersion is achieved. Each dispersed pulse signal has a profile similar to the spectrum of the incoming light. Then the optical-toelectric (O͞E) converter converts the light signal to the electric signal and the high-speed data acquisition device (DAQ) samples and digitizes the signal and then sends the data to a computer for spectrum construction.
Ignoring the fiber nonlinearity, the whole process presented above can be mathematically modeled as follows. The field E͑0, t͒ and the intensity I͑0, t͒ of the incoming light are described as
where A͑t͒ is the complex amplitude and ‫"ء"‬ denotes complex conjugate. The complex amplitude, A͑t͒, is assumed to be a stationary random process. Then the spectral density function P͑0, ͒ is expressed as
For intensity modulators, define M 0 ͑t͒ as the intensity modulation signal, and m 0 ͑t͒ is the square root of the modulation signal; for amplitude modulators, define m 0 ͑t͒ as the modulation signal. The spectrum of the modulation signal is
Following Marcuse's previous works [6 -8] , the profile of the light signal s͑t͒ after propagation through the dispersive fiber is given by
The propagation constant ␤͑͒ in the above equation could be expanded in a Taylor series about the circular frequency Ј,
where
In previous work, the propagation constant is usually expanded around the center circular frequency 0 . The advantages of using Ј instead of 0 are that, as shown later in this section, a clearer picture of how a chromatic light pulse is disperse in the dispersive fiber could be formed and a more concise expression could be acquired that makes both analytic and numerical analysis easier. From Eq. (6) we have
In Eq. (8), ␤ 1 ͑Ј͒ is related to the group velocity of the monochromatic light at Ј. Substituting Eq. (8) into Eq. (5), we obtain Define
Equation (10) now becomes
It should be noticed that F͑L, Љ, Ј͒ in Eq. (14) is the spectrum of a monochromatic light modulated by pulse signal m 0 ͑t͒ and then dispersed by the dispersive fiber. The term t d in Eq. (14) is the group delay of the broadened light pulse and it is a function of circular frequency Ј, which is the center circular frequency of the light pulse. With the following relations,
where t d
Ϫ1
͑Ј͒ represents the inverse function of the function t d ͑Ј͒ and the dot over t d in Eq. (16) represents the derivative, and defining
with
Eq. (19) could be rewritten as
In the above equation, s͑t͒ is presented as an output corresponding to the input P n ͑0, t d ͒ from a linear time variant (LTV) system whose impulse response is described by M͑L, t, t d ͒. The input signal P n ͑0, t d ͒ is directly related to the light spectrum to be measured through Eq. (20). The function M͑L, t, t d ͒, which represents the shape of the monochromatic light pulse broadened by the dispersive fiber and is a function of t d , shows that at different time points t d or equivalently at different circular frequencies or wavelengths, the broadening of the monochromatic light pulse could be different. Further the ⌫͑Љ, Ј͒ term defined in Eq. (11) determines the broadening of the pulses according to the frequency Ј. The group delay for each pulse t d defined in Eq. (13) is also related to the circular frequency of the corresponding monochromatic light Ј. Thus the output of the spectrometer s͑t͒ can be treated as the superposition of all the frequency-dependent broadened and delayed monochromatic light pulses whose wavelengths before modulation are in the measurement range of the spectrometer.
If all the ␤ m ͑Ј͒ terms in Eq. (9) are substituted with ␤ m ͑ 0 ͒, where 0 is the center circular frequency of the chromatic light, that is using the shape of the broadened monochromatic light pulse at circular frequency 0 to approximate the shapes of all broadened monochromatic pulses centered at different frequencies; Eqs. (11), (12), (17), and (18) become
respectively, and Eq. (21) thus becomes
which is a convolution of P n ͑0, t͒ and MЈ͑L, t͒, i.e.,
Now the system described in Eq. (27) is a linear time invariant (LTI) system and MЈ͑L, t͒ is the impulse response of the system. For a specific dispersive fiber, time t and wavelength are related by
The output of the spectrometer in Eqs. (21) and (27) can also be expressed as functions of wavelength,
The output s ͑͒ in Eq. (29) is the spectral density function of the incoming light acquired by the spectrometer. Thus by experimentally acquiring the output s͑t͒, the spectrum is determined.
Analysis

A. Accuracy
In this subsection, the spectrum measurement errors are analyzed through numerical simulation. In the simulation, three fibers with different dispersion properties are used. For all the fibers, the derivatives of the propagation constant ␤ with orders higher than 3 are ignored. The value of the group-velocity dispersion (GVD), the second order dispersion ␤ 3 , the dispersion parameter D and the dispersion slope S at 1550 nm are listed in Table 1 . D and S are defined by Eqs. (31) and (32),
respectively. The first fiber has very large ␤ 3 ; the second fiber has a dispersion property similar to standard single-mode fiber; the third fiber has constant GVD. The pulses used in the simulations are Gaussian pulses with pulse width of 1 or 0.1 ns, which can be realized using commercially available devices. A calculated Fabry-Perot (FP) interferometric sensor spectrum as shown in Fig. 2 is used as the spectrum to be measured in the simulations.
In the following analysis, two types of errors are investigated. One is caused by the operation principle of the spectrometer, which affects the accuracy of the spectrometer. It is defined as the difference between the normalized result from the spectrometer expressed in Eq. (29) and the true spectral density function P ͑0, ͒:
where P ͑0, ͒ ϭ P͑0, ͒.
Two reasons cause this error. The first is from the frequency dependent modulation of spectrum P͑0, Ј͒ by 1͞␤ 2 ͑Ј͒L expressed in Eq. (20). This can be explained as the nonuniform distribution of the pulses resulting from the fact that ␤ 1 ͑Ј͒ is not a linear function of Ј. As discussed in the mathematic model, the output of the spectrometer s(t) or s ͑͒ could be described as the superposition of all the nonuniformly broadened and delayed monochromatic light pulses whose corresponding wavelengths before the pulse modulation are in the spectrometer's measurement range. The location of each monochromatic light pulse in the time domain is determined by its group delay ␤ 1 ͑Ј͒L. Therefore s͑t͒ or s ͑͒ has a relatively larger value where the density of the pulses is higher. In Fig. 3 the simulated output s ͑͒ for an incoming light with a constant spectral density function is presented. The part of error caused by this reason can be partially corrected through amplitude normalization. The correction will have better results where the higher order dispersion parameters are smaller and the width of the broadened monochromatic light pulse is narrower. The second cause of the error is directly related to the broadened pulse width. Each of the broadened pulses has a finite pulse width that In addition, to reduce the measurement error, the GVD of the fiber used in the system should not have different signs in the measurement range, i.e., the ␤ 1 of the fiber is monotonously increasing or decreasing in order that lights with different wavelengths are delayed according to the increase or decrease of light frequency or wavelength. Moreover, the modulation pulse should have a spectral width not comparable to the frequency of the light so that the shape of the light pulse will not have severe distortion or destruction after broadening. Only under these condition, s ͑͒ truly represents the spectrum of the light.
Another error ⌬ 2 is generated during the derivation of the approximate model as presented in Eqs. (23)-(27). The error is defined as the difference between the normalized results from Eqs. (29) and (30),
The error ⌬ 2 in the normalized results using the approximate model [normalized results of Eq. (30)] are presented in Fig. 5 . It indicates that the approximate model will give more accurate results when the broadening of the pulse or the higher-order dispersion is small. Especially when GVD is constant, the approximated model turns into an accurate model and the error ⌬ 2 reduces to 0. Furthermore, in all the simulation results presented, the errors from the approximation ⌬ 2 are much less than the corresponding errors ⌬ 1 . This could be explained as follows. The pulses used in the simulation have a negligible spectral width compared to the light frequency. The pulse broadening is then less determined by those higher order dispersion parameters. So in the measurement range of the spectrometer, the monochromatic light pulses with different wavelengths can be treated as uniformly broadened.
B. Resolution
The spectral resolution of a spectrometer is usually defined by the minimum wavelength difference between two adjacent peaks with the same intensity in one spectrum, which can be separated by the spectrometer. As shown in Fig. 6 , two lights with different wavelengths are located at 1 and 2 , respectively. The spectrum of the light is the superposition of the two pulses. In the following analysis, for simplicity, the pulses are still assumed to be Gaussian type. Then the spectral resolution limit is defined by the wavelength difference of two Gaussian pulses when their 1͞e intensity points are overlapped. The estimation of the spectral resolution can be conducted as follows. The modulation signal m 0 ͑t͒ is a Gaussian pulse with a width of 2T 0 measured at the 1͞e intensity point,
The origin of the time axis is located at the center of the pulse. Ignoring the derivatives of the propagation constant ␤ with orders higher than 2, from Eq. (18) the shape of the broadened pulse is
In Eq. (36), the origin of the time axis is also located at the center of the pulse. The half width of the broadened pulse is expressed as
According to the spectral resolution criterion mentioned above, the spectral resolution of the new spectrometer can be estimated by where
are the dispersion parameter of the fiber at wavelength 0 and the total amount of dispersion introduced by the dispersive fiber, respectively. In the above equations, c is the speed of light in vacuum. The spectral resolution r in Eq. (38) has its minimum:
at 
The above analysis indicates that for specific wavelength 0 the spectral resolution is determined by the total amount of dispersion D L ͑ 0 ͒ of the dispersive fiber and the initial pulse width 2T 0 of the light pulse. When the amount of dispersion is fixed, there exists an optimal pulse width at which the best spectrum measurement resolution is achieved as shown by Fig.  7(a) . This is so because the output pulse broadening caused by the inherent bandwidth of the pulse profile and the GVD of the dispersion element is dominant when the monochromic input optical pulse is sufficiently narrow. Figure 7(b) shows the relationship between the spectral resolution and the total dispersion of the fiber for different pulse widths. It is indicated that, for each fixed initial pulse width 2T 0 , the spectral resolution decreases rapidly when the dispersion is smaller than the value determined by Eq. (42). The relation between the best spectral resolution and the corresponding initial pulse width 2T 0 is illustrated in Fig. 8(a) . In Fig. 8(b) , the best spectral resolution is presented as a function of the dispersion. If the dispersion in a spectrometer is 2 ns͞nm, for example, the best resolution is 0.07 nm when 0.1 ns Gaussian pulse is used.
In our experiment [3] , the amount of dispersion is ϳ500 ns͞nm and the pulse width is ϳ6 ns (measured at half intensity position). The pulse shape is close to the rectangle window function, which is determined by the pulse generator. The experimental spectral resolution then becomes 15 nm at 1550 nm, whereas the spectral resolution from the model is 13.4 nm. This difference mainly results from the distortion in the pulse shape introduced by the erbium-doped fiber amplifier (EDFA) which is used for loss compensation in the optical path.
C. Speed
The speed of the spectrometer is defined as the number of spectrum frames acquired per unit time. It is mainly determined by the width of the broadened chromatic light pulses in the time domain. The time interval between two consecutive pulses must be larger than this pulse width; otherwise measurement error could be introduced by the overlap between two consecutive pulses. Three parameters affect the width of the broadened output pulses. They are the width of the spectrum to be measured, the amount of dispersion introduced by the dispersive fiber, and the properties of the modulation pulse. For a Gaussian pulse, the intensity at t ϭ Ϯ3T 0 decreases to 10 Ϫ4 of the peak intensity. The width of the chromatic light pulse measured at the 10 Ϫ4 intensity point can be roughly estimated by T s ϭ ⌬D L͑ 0͒ ϩ 6TЈ 0 , (43) where T s is the output pulse width and ⌬ is the Ϫ3 dB spectral width of the incoming light. The maximum speed is defined as the speed at which the 10 Ϫ4 intensity points of the two adjacent output pulses are overlapped. Therefore the maximum speed is estimated by
When the half initial pulse T 0 equals the value presented in Eq. (42), the best spectral resolution is reached for a given dispersion value. Figure 9 (a) illustrates the maximum speed as a function of the spectral width. In Fig. 9(b) , the relationship between the maximum speed and the best resolution is presented. Figure 9 (a) indicates that the maximum speed decreases as the spectral width increases or as the total amount of dispersion increases. For all five dispersion values, the measurement speeds are above 10 6 frames͞s when the spectral widths are less than 100 nm. Figure 9(b) shows that there is a trade-off between the best achievable spectral resolution and the maximum measurement speed. In addition, for each spectral width, a highest value of the maximum measurement speed exists. On the left side of each curve to its highest value, the increase of the dispersion that results in the spectral resolution improvement lowers the maximum measurement speed; on the right side of each curve to its highest value, the pulse broadening causes the decrease of the maximum measurement speed.
Conclusion
In this paper a mathematical model for the HSFOS is developed. This model accurately describes the relationship between the optical spectrum of the incoming light and the dispersed time-domain signal. The output of the spectrometer can be treated as the superposition of all the frequency-dependent broadened and delayed monochromatic light pulses whose wavelengths before pulse modulation are in the measurement range of the spectrometer. In order that the output has a shape that can represent the spectrum of the incoming light, two requirements should be fulfilled. One is that the GVD of the fiber used in the spectrometer should not have different signs in the measurement range, i.e., the ␤ 1 of the fiber is monotonously increasing or decreasing. The other is that the modulation pulse should have a spectral width not comparable to the frequency of the light so that the shape of the light pulse will not have severe distortion or destruction after broadening. Further, the effects of the key parameters such as the fiber dispersion and the pulse width on the performance of the spectrometer, e.g., the measurement accuracy, the spectral resolution, and the spectrum acquisition speed, are investigated. To reduce the measurement error, the width of the broadened pulse should be decreased and the results should be normalized. In addition, the fiber with small higher-order dispersion should be chosen. The trade-off between the speed and the spectral resolution makes it necessary to carefully determine the two parameters according to the requirements of an application.
